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MCKAY CORESPONDENCE IN QUASITORIC ORBIFOLDS
SAIBAL GANGULI
Abstract. We show Mckay correspondence of Betti numbers of Chen-Ruan coho-
mology for omnioriented quasitoric orbifolds. In previous articles with M. Poddar
[8], [9], we proved the correspondence for four dimension and six dimensions. Here
we deal with the general case.
1. Quasitoric orbifolds
In this section we review the combinatorial construction of quasitoric orbifolds. We
also construct an explicit orbifold atlas for them and list a few important properties.
The notations established here will be important for the rest of the article.This
material has been taken from [9]
1.1. Construction. Fix a copy N of Zn and let TN := (N ⊗Z R)/N ∼= Rn/N
be the corresponding n-dimensional torus. A primitive vector in N , modulo sign,
corresponds to a circle subgroup of TN . More generally, suppose M is a submodule
of N of rank m. Then
(1.1) TM := (M ⊗Z R)/M
is a torus of dimension m. Moreover there is a natural homomorphism of Lie groups
ξM : TM → TN induced by the inclusion M →֒ N .
Definition 1.1. Define T(M) to be the image of TM under ξM . If M is generated
by a vector λ ∈ N , denote TM and T (M) by Tλ and T (λ) respectively.
Usually a polytope is defined to be the convex hull of a finite set of points in Rn.
To keep our notation manageable, we will take a more liberal interpretation of the
term polytope.
Definition 1.2. A polytope P will denote a subset of Rn which is diffeomorphic, as
manifold with corners, to the convex hull Q of a finite number of points in Rn. Faces
of P are the images of the faces of Q under the diffeomorphism.
Let P be a simple polytope in Rn, i.e. every vertex of P is the intersection of
exactly n codimension one faces (facets). Consequently every k-dimensional face F
of P is the intersection of a unique collection of n− k facets. Let F := {F1, . . . , Fm}
be the set of facets of P .
Definition 1.3. A function Λ : F → N is called a characteristic function for P if
Λ(Fi1), . . . ,Λ(Fik) are linearly independent whenever Fi1, . . . , Fik intersect at a face
in P . We write λi for Λ(Fi) and call it a characteristic vector.
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Remark 1.1. In this article we assume that all characteristic vectors are primitive.
Corresponding quasitoric orbifolds have been termed primitive quasitoric orbifold in
[11]. They are characterized by the codimension of singular locus being greater than
or equal to four.
Definition 1.4. For any face F of P , let I(F ) = {i|F ⊂ Fi}. Let Λ be a charac-
teristic function for P. The set λF := {λi : i ∈ I(F )} is called the characteristic set
of F . Let N(F ) be the submodule of N generated by λF . Note that I(P ) is empty
and N(P ) = {0}.
For any point p ∈ P , denote by F (p) the face of P whose relative interior contains
p. Define an equivalence relation ∼ on the space P × TN by
(1.2) (p, t) ∼ (q, s) if and only if p = q and s−1t ∈ T (N(F (p)))
Then the quotient space X := P × TN/ ∼ can be given the structure of a 2n-
dimensional orbifold. We refer to the pair (P,Λ) as a model for the quasitoric
orbifold. The space X inherits an action of TN with orbit space P from the natural
action on P × TN . Let π : X → P be the associated quotient map.
The space X is a manifold if the characteristic vectors λi1, . . . , λik generate a
unimodular subspace of N whenever the facets Fi1 , . . . , Fik intersect. The points
π−1(v) ∈ X, where v is any vertex of P , are fixed by the action of TN . For simplicity
we will denote the point π−1(v) by v when there is no confusion.
1.2. Orbifold charts. Consider open neighborhoods Uv ⊂ P of the vertices v such
that Uv is the complement in P of all edges that do not contain v. Let
(1.3) Xv := π
−1(Uv) = Uv × TN/ ∼
For a face F of P containing v there is a natural inclusion of N(F ) in N(v). It
induces an injective homomorphism TN(F ) → TN(v) since a basis of N(F ) extends
to a basis of N(v). We will regard TN(F ) as a subgroup of TN(v) without confusion.
Define an equivalence relation ∼v on Uv × TN(v) by (p, t) ∼v (q, s) if p = q and
s−1t ∈ TN(F ) where F is the face whose relative interior contains p. Then the space
(1.4) X˜v := Uv × TN(v)/ ∼v
is θ-equivariantly diffeomorphic to an open set in Cn, where θ : TN(v) → U(1)n is
an isomorphism, see [7]. There exists a diffeomorphism f : X˜v → B ⊂ Cn such
that f(t · x) = θ(t) · f(x) for all x ∈ X˜v. This will be evident from the subsequent
discussion.
The map ξN(v) : TN(v) → TN induces a map ξv : X˜v → Xv defined by ξv([(p, t)]∼v) =
[(p, ξN(v)(t))]
∼ on equivalence classes. The kernel of ξN(v), Gv = N/N(v), is a finite
subgroup of TN(v) and therefore has a natural smooth, free action on TN(v) induced
by the group operation. This induces smooth action of Gv on X˜v. This action is not
free in general. Since TN ∼= TN(v)/Gv, Xv is homeomorphic to the quotient space
X˜v/Gv. An orbifold chart (or uniformizing system) on Xv is given by (X˜v, Gv, ξv).
We define a homeomorphism φ(v) : X˜v → R2n as follows. Assume without loss of
generality that F1, . . . , Fn are the facets of Uv. Let the equation of Fi be pi(v) = 0.
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Assume that pi(v) > 0 in the interior of Uv for every i. Let Λ(v) be the corresponding
matrix of characteristic vectors
(1.5) Λ(v) = [λ1 . . . λn].
If q(v) = (q1(v), . . . , qn(v))
t are angular coordinates of an element of TN with
respect to the basis {λ1, . . . , λn} of N ⊗ R, then the standard coordinates q =
(q1, . . . , qn)
t may be expressed as
(1.6) q = Λ(v)q(v).
Then define the homeomorphism φ(v) : X˜v → R2n by
(1.7)
xi = xi(v) :=
√
pi(v) cos(2πqi(v)), yi = yi(v) :=
√
pi(v) sin(2πqi(v)) for i = 1, . . . , n
Remark 1.2. The square root over pi is necessary to ensure that the orbit map is
smooth.
We write
(1.8) zi = xi +
√−1yi, and zi(v) = xi(v) +
√−1yi(v)
Now consider the action of Gv = N/N(v) on X˜v. An element g of Gv is represented
by a vector
∑n
i=1 aiλi in N where each ai ∈ Q. The action of g transforms the
coordinates qi(v) to qi(v) + ai. Therefore
(1.9) g · (z1, . . . , zn) = (e2pi
√−1a1z1, . . . , e
2pi
√−1anzn).
We define
(1.10) GF := ((N(F )⊗Z Q) ∩N)/N(F ).
We denote the space X with the above orbifold structure by X.
1.3. Invariant suborbifolds. The TN -invariant subset X(F ) = π
−1(F ), where F
is a face of P , has a natural structure of a quasitoric orbifold [11]. This structure
is obtained by taking F as the polytope for X(F ) and projecting the characteristic
vectors to N/N∗(F ) where N∗(F ) = (N(F )⊗ZQ)∩N . With this structure X(F ) is
a suborbifold of X. It is called a characteristic suborbifold if F is a facet. Suppose
λ is the characteristic vector attached to the facet F . Then π−1(F ) is fixed by the
circle subgroup T (λ) of TN . We denote the relative interior of a face F by F
◦ and
the corresponding invariant space π−1(F ◦) by X(F ◦). Note that v◦ = v if v is a
vertex.
1.4. Orientation. Quasitoric orbifolds are oriented. For more detailed dicussion
see 2.8 [9]. A choice of orientations for P ⊂ Rn and TN induces an orientation for
X.
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1.5. Omniorientation. An omniorientation is a choice of orientation for the orb-
ifold as well as an orientation for each characteristic suborbifold. At any vertex v,
the Gv-representation T0X˜v splits into the direct sum of n Gv-representations corre-
sponding to the normal spaces of zi(v) = 0. Thus we have a decomposition of the
orbifold tangent space TvX as a direct sum of the normal spaces of the characteristic
suborbifolds that meet at v. Given an omniorientation, we say that the sign of a
vertex v is positive if the orientations of Tv(X) determined by the orientation of X
and orientations of characteristic suborbifolds coincide. Otherwise we say that sign
of v is negative. An omniorientation is then said to be positive if each vertex has
positive sign.
It is easy to verify that reversing the sign of any number of characteristic vectors
does not affect the topology or differentiable structure of the quasitoric orbifold.
There is a circle action of Tλi on the normal bundle of X(Fi) producing a complex
structure and orientation on it. This action and orientation varies with the sign of
λi. Therefore, given an orientation on X, omniorientations correspond bijectively
to choices of signs for the characteristic vectors. We will assume the standard ori-
entations on P and T n so that omniorientations will be solely determined by signs
of characteristic vectors. Also under this choice the sign of v equals the sign of
det(Λ(v)).
2. Blowdowns
This material has been taken from [9]. Topologically the blowup will correspond
to replacing an invariant suborbifold by the projectivization of its normal bundle.
Combinatorially we replace a face by a facet with a new characteristic vector. Sup-
pose F is a face of P . We choose a hyperplane H = {p̂0 = 0} such that p̂0 is negative
on F and P̂ := {p̂0 > 0} ∩ P is a simple polytope having one more facet than P .
Suppose F1, . . . , Fm are the facets of P . Denote the facets Fi ∩ P̂ by Fi without
confusion. Denote the extra facet H ∩ P by F0.
Without loss of generality let F =
⋂k
j=1 Fj . Suppose there exists a primitive vector
λ0 ∈ N such that
(2.1) λ0 =
k∑
j=1
bjλj, bj > 0 ∀ j.
Then the assignment F0 7→ λ0 extends the characteristic function of P to a charac-
teristic function Λ̂ on P̂ . Denote the omnioriented quasitoric orbifold derived from
the model (P̂ , Λ̂) by Y.
Definition 2.1. We define blowdown a map ρ from Y 7→ X which is inverse of a
blow-up. Such maps have beeen constructed in [9].
Lemma 2.1. (Lemma 4.2 [9]) If X is positively omnioriented, then so is a blowup
Y.
Definition 2.2. A blowdown is called crepant if
∑
bj = 1.
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3. Chen-Ruan Cohomology
This material has been taken from [9]. The Chen-Ruan cohomology group is built
out of the ordinary cohomology of certain copies of singular strata of an orbifold
called twisted sectors. The twisted sectors of orbifold toric varieties was computed
in [10]. The determination of such sectors for quasitoric orbifolds is similar in essence.
Another important feature of Chen-Ruan cohomology is the grading which is rational
in general. In our case the grading will depend on the omniorientation.
LetX be an omnioriented quasitoric orbifold. Consider any element g of the group
GF (1.10). Then g may be represented by a vector
∑
j∈I(F ) ajλj . We may restrict
aj to [0, 1) ∩ Q. Then the above representation is unique. Then define the degree
shifting number or age of g to be
(3.1) ι(g) =
∑
aj.
For faces F and H of P we write F ≤ H if F is a sub-face of H , and F < H if it
is a proper sub-face. If F ≤ H we have a natural inclusion of GH into GF induced
by the inclusion of N(H) into N(F ). Therefore we may regard GH as a subgroup of
GF . Define the set
(3.2) G◦F = GF −
⋃
F<H
GH
Note that G◦F = {
∑
j∈I(F ) ajλj|0 < aj < 1} ∩N , and G◦P = GP = {0}.
Definition 3.1. We define the Chen-Ruan orbifold cohomology of an omnioriented
quasitoric orbifold X to be
H∗CR(X,R) =
⊕
F≤P
⊕
g∈G◦
F
H∗−2ι(g)(X(F ),R).
Here H∗ refers to singular cohomology or equivalently to de Rham cohomology of
invariant forms when X(F ) is considered as the orbifold X(F ). The pairs (X(F ), g)
where F < P and g ∈ G◦F are called twisted sectors of X. The pair (X(P ), 1), i.e.
the underlying space X, is called the untwisted sector.
First we introduce some notation. Consider a codimension k face F = F1∩ . . .∩Fk
of P where k ≥ 1. Define a k-dimensional cone CF in N ⊗ R as follows,
(3.3) CF = {
k∑
j=1
ajλj : aj ≥ 0}
The group GF can be identified with the subset BoxF of CF , where
(3.4) BoxF := {
k∑
j=1
ajλj : 0 ≤ aj < 1} ∩N.
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Consequently the set G◦F is identified with the subset
(3.5) Box◦F := {
k∑
j=1
ajλj : 0 < aj < 1} ∩N
of the interior of CF . We define BoxP = Box
◦
P = {0}.
Suppose v = F1 ∩ . . . ∩ Fn is a vertex of P . Then Boxv =
⊔
v≤F Box
◦
F . This
implies
(3.6) Gv =
⊔
v≤F
G◦F
An almost complex orbifold is SL if the linearization of each g is in SL(n,C). This
is equivalent to ι(g) being integral for every twisted sector. Therefore, to suit our
purposes, we make the following definition.
Definition 3.2. A quasitoric orbifold is said to be quasi-SL if the age of every
twisted sector is an integer.
Lemma 3.1. (Lemma 8.2 [9]) The crepant blowup of a quasi-SL quasitoric orbifold
is quasi-SL.
4. Correspondence of Betti numbers
4.1. Singularity and lattice polyhedron. Following the discussions in sections
3 , a singularity of a face F is defined by a cone CF formed by positive linear
combinations of vectors in its characteristic set λ1, . . . , λd where d is the codimension
of the face in the polytope. The elements of the local group GF are of the form
g = diag(e2pi
√−1α1 , . . . , e2pi
√−1αd), where
∑d
i=1 αiλi ∈ N , and 0 ≤ αi < 1. Recall
that the age
(4.1) ι(g) = α1 + . . .+ αd
is integral in quasi-SL case by definition 3.2.
The singularity along the interior of F is of the form Cd/GF . These singularities
are same as Gorenstein toric quotient singularities in complex algebraic geometry.
Now let Nv be the lattice formed by {λ1, . . . , λn}, the characteristic vectors at a
vertex v contained in the face F . Let mv be the element in the dual lattice of Nv
such that its evaluation on each λi is one. Now from Lemma 9.2 of [6] we know
that the cone Cv contains an integral basis, say e1, . . . , en. Suppose ei =
∑
aijλj .
By (3.4) ei corresponds to an element of Gv, and since the singularity is qausi-SL,∑
aij is integral. Hence mv evaluated on each ej is integral. So mv an element of
the dual of the integral lattice N .
Consider the (n − 1)-dimensional lattice polyhedron ∆v defined as {x ∈ Cv | 〈
x , mv〉 = 1}. Note that ∆v = {
∑n
i=1 aiλi | ai ≥ 0,
∑
ai = 1}. For any face F
containing v we define ∆F = ∆v ∩ CF . If {λi, . . . , λd} denote the chracteristic set
of F , then ∆F = {
∑d
i=1 aiλi | ai ≥ 0,
∑
ai = 1}. Hence ∆F is independent of the
choice of v.
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Remark 4.1. An element g ∈ G of an SL orbifold singularity can be diagonalized to
the form g= diag(e2pi
√−1α1 , . . . , e2pi
√−1αd), where 0 ≤ αi < 1 and ι(g) = α1+ . . .+αd
is integral.
We make some definitions following [3].
Definition 4.1. Let G be a finite subgroup of SL(d,C). Denote by ψi(G) the number
of the conjugacy classes of G having ι(g) = i. Define
(4.2) W (G; uv) = ψ0(G) + ψ1(G)uv + . . .+ ψd−1(G)(uv)
d−1
Definition 4.2. We define height(g) = rank(g-I)
Definition 4.3. Let G be a finite subgroup of SL(d,C). Denote by ψ˜i(G) the number
of the conjugacy classes of G having the height = d and ι(g) = i.
(4.3) W˜ (G; uv) = ψ˜0(G) + ψ˜1(G)uv + . . .+ ψ˜d−1(G)(uv)
d−1
Definition 4.4. For a lattice polyhedron ∆F defining a SL singularity C
d/GF , we
define the following:
(4.4) W (∆F ; uv) = W (GF ; uv)
(4.5) ψi(∆F ) = ψi(GF )
(4.6) W˜ (∆F ; uv) = W˜ (GF ; uv)
(4.7) ψ˜i(∆F ) = ψ˜i(GF )
Definition 4.5. A finite collection τ = {θ} of simplices with vertices in ∆F ∩N is
called a triangulation of ∆F if the following properties are satisfied.
(1) If θ′ is a face of θ ∈ τ then θ′ ∈ τ
(2) The intersection of any two simplices θ′, θ′′ ∈ τ is either empty, or a common
face of both of them;
(3) ∆F = ∪θ∈τθ
4.2. Blowdown and triangulation of polyhedron. A crepant blowup gives rise
to triangulation of the polyhedrons corresponding to some of the faces. Suppose we
blow up about a face F . Then it is clear that new characteristic vector is an integral
vector lying in the interior of the polyhedron ∆F . Note that ∆F is a simplex. The
crepant blow up induces a barycentric subdivision of ∆F with the new characteristic
vector as barycenter. We denote this triangulation of ∆F by τF . For the faces F
′
contained in F, ∆F ′ is triangulated as follows. Let KF ′ = λF ′ − λF be difference of
two characteristic sets. The triangulation τF ′ consists of simplices with vertex set
of the form θ ∪ β where θ are the vertices of a simplex of τF and β ⊂ KF ′. To see
that this process takes care of all the faces lost and created we make the following
comments. First of all the faces lost are F and its subfaces. This means there will be
no simplex with vertex set having λF as a subset. This is exactly what happens here.
The new faces created are subfaces of the intersection of new facet (created by the
blowup) with faces having as vertex one of the vertices of F . These faces intersected
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F prior to the blow up in some F ′ and so the new faces formed correspond to the
simplices with vertex set that are subset of the union θ ∪ β discussed above.
4.3. E-polynomial. The following has been taken from the paper of Batyrev and
Dais [3]. Let X be an algebraic variety over C which is not necessarily compact or
smooth. Denote by hp,q(Hkc (X)) the dimension of the (p, q) Hodge component of the
k-th cohomology with compact supports. We define
(4.8) ep,q(X) = Σk≥0(−1)khp,q(Hkc (X)).
The polynomial
(4.9) E(X ; u, v) := Σp,qe
p,q(X)upvq
is called E-polynomial of X.
Remark 4.2. If the Hodge structure is pure, for example in the case of smooth
projective toric varieties, then the coefficients ep,q(X) of the E-polynomial of X are
related to the usual Hodge numbers by ep,q(X) = (−1)p+qhp,q(X)
We state the following theorem without proof.
Theorem 4.3. (Proposition 3.4 in [3]) Let X be a disjoint union of locally closed
subvarieties Xj, j ∈ J , where J ⊂ N. Then
(4.10) E(X ; u, v) = Σj∈JE(Xj; u, v)
4.4. Ehrhart power series. Let ∆ be a lattice polyhedron and k∆ := {kx | x ∈
∆}. Let l(k∆) be the number of lattice points of k∆. Then the Ehrhart power series
(4.11) P∆(t) = Σ(k≥0)l(k∆)t
k
Definition 4.6. Let ∆F be a (d-1) dimensional lattice polyhedron defining a d-
dimensional toric singularity . It is well-known (see, for instance, [3], Theorem 5.4)
that P∆F (t) can be written in the form,
(4.12) P∆F (t) =
ψ0(∆F ) + ψ1(∆F )t + . . .+ ψd−1(∆F )td−1
(1− t)d
where ψ0(∆F ), . . . , ψd−1(∆F ) are non-negative integers defined in (4.5).
4.5. More on quasi-SL orbifolds . LetX be a compact quasi-SL 2n-dimensional
quasitoric orbifold. Let Sing(X) be the set of singular points of X. Consider the set
I = {i ∈ N | i ≤ number of faces in the polytope of X}. We can index the set of
faces by the set I. Call the inverse image of the interior of the face Fi as Xi. It can
be easily seen that this gives a stratification of the orbifold where each stratum Xi
is diffeomorphic to a complex torus.
It is easily seen that
(4.13) W (∆Fi, uv) = ΣXj≥XiW˜ (∆Fj , uv)
where Xj ≥ Xi if Xj ⊃ Xi. The above result is true because the coefficient of
each term in the left hand side can be broken in to ones with different heights (see
definition (4.2), equations (4.6), (4.3) and(4.7). The ones with height equal to the
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codimension of Xi contribute to W˜ (∆Fi , uv)). These come from G
◦
Fi
. Use the de-
composition GFi =
⊔
Fj⊇Fi G
◦
Fj
to observe that terms with lesser heights correspond
to higher Xj .
4.6. Poincaré Polynomial. Recall that
(4.14) H∗CR(X,R) =
⊕
F≤P
⊕
g∈G◦
F
H∗−2ι(g)(X(F ),R)
where X(F ) is the inverse image of the face F .
Definition 4.7. The Poincaré polynomial of a cohomology of X is a polynomial
P (X)(t) where the coefficient of td is the rank of the degree d cohomology group. We
denote by PP (X)(v) the Poincaré polynomial of the ordinary singular cohomology
and PPCR(X)(v) as the Poincaré polynomial of the Chen-Ruan cohomology of X.
Now if X is a projective toric orbifold, it has pure Hodge structure. Since the
Zariski closure of the Xi are the suborbifolds corresponding to the faces, from (4.14),
(4.6) and (4.3), we have
(4.15) PPCR(X)(v) = Σi∈IPP (Xi)(v)W˜ (∆Fi , v
2).
4.7. Correspondence in quasitoric orbifolds. Take a quasi-SL quasitoric orb-
ifold X. A slight perturbation makes the polytope P associated with the orbifold
into a rational ploytope (see section 5.1.3.in [4]), and with suitable dilations make
it into an integral polytope P ′ which is combinatorially equivalent to P . From the
normal fan of P ′ we get a projective toric orbifold X ′ whose polytope is P ′. (The
orbifold structure of X ′ is determined by its analytic structure and we may conve-
niently refrain from using bold-face notation.) Putting u = v in Theorem (4.3) we
have
(4.16) E(X ′; v, v) = Σi∈IE(X
′
i; v, v)
In the left hand side the coefficient of vk is the sum of ep,q(X ′) where p + q = k.
Since X ′ is Kahler the Hodge structure is pure and from remark (4.2) it follows
ep,q(X ′) = (−1)p+qhp,q(X ′). Since toric orbifolds (see section 4 of [11]) have zero
odd cohomology only the coefficient of v2k terms are nonzero. By Baily’s Hodge
decomposition (see [1]), the Hodge numbers hp,q for p+ q = 2k add up to the 2k-th
Betti number of singular cohomology group. So the left hand side is the Poincaré
polynomial of the ordinary cohomology, giving
(4.17) PP (X ′)(v) = Σi∈IE(X
′
i; v, v).
It is known from section 4 of [11] that the Betti numbers depend on the combinatorial
equivalence class of the polytope P ′. As P ′ is combinatorially equivalent to P , the
left hand side equals the Poincaré polynomial of the quasitoric orbifold X. The right
hand side is a sum of E-polynomials of a number of tori. Since the number of tori of
each dimension is the same by combinatorial equivalence of the polytopes, we have,
(4.18) PP (X)(v) = Σi∈IE(Xi, v, v)
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where
⊔
Xi is the stratification by tori of the quasitoric orbifold X. Now from 4.14
we get,
(4.19) PPCR(X)(v) = Σi∈IPP (Xi)(v)W˜ (∆Fi, v
2)
Using 4.18 we have
(4.20) PPCR(X)(v) = Σi∈IΣXj≤XiE(Xj , v, v)W˜ (∆Fi, v
2)
Interchanging the order of summation, and using 4.13 we have
(4.21) PPCR(X)(v) = Σj∈IE(Xj, v, v)W (∆Fj , v
2)
Theorem 4.4. Suppose X is a quasi-SL quasitoric orbifold, and Xˆ a crepant blowup.
Then
(4.22) PPCR(X)(v) = PPCR(Xˆ)(v))
Proof. Let ρ : Xˆ → X be a crepant blowdown. We set Xˆi := ρ−1(Xi). Then Xˆi has
a natural stratification by products Xi× ((C∗)codim(θ)) induced by the triangulation,
(4.23) ∆Fi = ∪θ∈τiθ
where τi consists of all simplices which intersect the interior of ∆Fi , and codim(θ)
denotes the codimension of θ in ∆Fi .
Note that the E-polyinomial of a k-dimensional complex torus is (v2 − 1)k.
From (4.12) we have
(4.24) W (∆Fi; v
2) = P∆Fi(v
2)(1− v2)d
where d is the dimension of the face Fi. Consider the triangulation (4.23) of ∆Fi . By
counting lattice points using (4.12) and applying the inclusion exclusion principle
we have
(4.25) P∆Fi (v
2) =
∑
θ∈τi
(−1)codim(θ)Pθ(v2) =
∑
θ∈τi
(−1)codim(θ)W (θ, v2)(1− v2)−dim(θ)
Multiplying both sides by (1− v2)d, we obtain
(4.26) W (∆Fi; v
2) = Σθ∈τi(v
2 − 1)codim(θ)W (θ, v2)
Since we are dealing with simplices θ which intersect the interior of ∆Fi each
stratum of X̂ is counted once. This is because each stratum corresponds to the
interior of a face and for each face we have a simplex and it will lie in the interior
of exactly one of the original (pre-triangulation) polyhedrons. Thus the equation
(4.21) applied to X̂ gives
(4.27) PPCR(Xˆ)(v) = Σi∈IE(Xi; v, v)Σθ∈τi(v
2 − 1)codim(θ)W (θ; v2)
Now using (4.26)
(4.28) PPCR(Xˆ)(v)) = Σi∈IE(Xi; v, v)W (∆Fi; v
2) = PPCR(X)(v)

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